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Abstract 
A function for the electron beam trajectory has been used in the present work with respect of a certain operation 
mode for the beams path, to synthesis the symmetrical objective magnetic lens. This function has six 
optimization parameters, which are respectively the action region (i.e. the air-gap), the height of electron beam 
trajectory, its gradient (the first derivatives) at the beginning and ending of the action region, and the length of 
lens. The influence of each of them is investigated concerning the objective focal properties. Indeed, the result 
obviously shows the effect of some of these parameters on the geometrical and physical properties to the 
synthesis magnetic lens, to specify the optimum symmetrical objective lens which desire, (i.e. the lens has the 
lowest aberration) to reconstruct its polepiece.  
Keywords: Electron Optics, Synthesis, Objective Magnetic Lenses, Aberrations.  
 
1. Introduction 
Magnetic  lens is defined as an axially (rotationally) symmetrical magnetic field that acts upon charged-particles 
beam passing through the field, which is a  very similar manner to that of convex glass lenses or eye on ray of 
visible light passing through it. Otherwise, the essential difference between them is that magnetic(electron)lenses 
are concerned with continuously varying index of refraction while in glass lenses the index of refraction always 
change abruptly  [Szilgyi 1988].  So, any axially symmetric iron-free coil represents a simplest magnetic lens, 
but in the modified lenses this coil surrounded by an iron circuit.                                                                                
Magnetic lenses can be classified according to various criteria. The most common is the one depending on the 
existence of the iron circuit and the number of polepiece in that circuit. According to this criteria, magnetic 
lenses can be divided into four types namely, single polepiece, double polepiece, triple polepiece, and the iron-
free.                                                                                           
When a magnetic circuit surrounds the coil, having two polepieces of ferromagnetic material, a new magnetic 
lens will be produced. This new design was introduced by Ruska in 1933 and usually called double polepiece 
magnetic lens [Riecke and Ruska 1966]. The iron core of the lens has a bore of diameter D along the axis of the 
coil, to allow the electrons or ions beam to pass through an air gap of width S formed in the iron circuit between 
the two polepieces. The magnetic field produced by energizing the coil is confined in the air gap and this causes 
the refractive power of the lens. Commonly the properties of this kind of lenses are expressed in terms of S/D 
ratio. Double polepiece lenses are said to be symmetric or asymmetric according to whether the bores in the two 
poles are identical or not. For more details about this kind of magnetic lenses one can see for example Liebmann 
[1950], Fert and Durandeau [1967], Kamminga [1976], Tsuno and Honda [1983], Juma and Yahya[1986],Britton 
et al [1994] and Lencova [1999].                                                                      
Unfortunately magnetic lenses suffer from a number of inherent defects, called "aberrations". These aberrations 
can be defined as a failure of the lens system to converge the entire charged particle beam emanating from one 
point in the object plane into one point in the Gaussian image plane. With these defects the image will appear 
either blurred or distorted. Consequently, the quality of the charge particle optical devices will deteriorate.  
The attempts to eliminate or at least decrease the lens aberrations have begun form the earliest days of electron 
and ion optics. However, some of these aberrations can be eliminated such as the asymmetries, space charge, 
relativistic and some of the geometrical aberrations [Grivet 1972].While, other aberration can be corrected such 
as astigmatism [Grivet 1972], distortion [Hillier 1946], and anisotropic distortion [Maria and Mulvey 1977:  
Tsuno et al 1980: Al-Obaidi 1991: Al-Saadi 1996]. While, Scherzer has proved the impossibility of correcting 
both spherical and chromatic aberrations in 1936: for example see [Grivet 1972]. The failure in obtaining a free-
aberrations lens led to so-called "optimization ".        
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There are two different ways, to optimize the lens performance namely analysis and synthesis. In the first one the 
designer starts with actual lens design and calculates its optical properties. When the resultant properties are not 
electron optically acceptable, the physical and geometrical parameters of the considered design have been 
changed. Then the process will be repeated continuously until satisfactory values are acquired. Hence, this 
procedure is based on the trial and error method. In the second one, i.e. in the synthesis, one has to start with a 
set of performance criteria and designing an instrument to meet them [Moses 1973].   
However, the synthesis procedure has a reverse process compared with its analysis counterpart. Optimization by 
synthesis has been given some attention during the last three decades of the last century. Since that time several 
different ideas had been adopted concerning the synthesis procedure, for example, the calculus of variation and 
intuition had been used by [Moses 1973,Trenter 1959], the optimal control procedure is followed by [Szilgyi 
1977a], the dynamical programming is carried out by [Szilgyi 1977b, Szilgyi 1978] and the relatively recent 
approaches that use an objective or target function to start the synthesis procedure, see for example [Al-Obaidi 
1995, Al-Batat 1996, Al-Jubori 2001, Al-Batat 2001, Al-Obaidi 2009].  
 
2. The Mathematical structure of the synthesis procedure 
The numerical analysis method used to accomplish this work, have been identified in three steps. In the first one 
the electron beam trajectory is assigned by a mathematical function or a set of data. While the second step aims 
to finding the axial magnetic field distribution corresponding to a certain trajectory in the first step and 
evaluating its objective focal properties. The final step, however, is usually concerned with obtaining the 
polepieces that have the ability to produce the imaging field handled in the first step.  
2.1. Calculation and specified the electron trajectory 
In the present work, the polynomial function of the beam trajectory along the lens axial, which has been 
investigated by [Kadhem and Al-Obaidi 2013] has been used but for zero operation mode. Where the axial 
interval of the proposed magnetic distribution is divided into three regions I, II, and III, which contain the 
assigned optimization parameters, see (Fig.1). The electron beam trajectory inters the lens from the left side 
according to zero operation mode. The optimization parameters are respectively, (1)ZS and ZF(the lens length L), 
(2)ZB and ZE(the action region S) where the most refractive power of the lens come from this region, (3) initial 
height of incident ray RS, (4) radial ray height as it inters the action region RB, (5) radial displacement of the ray 
as it leaves the action region RE , (6) radial height of the ray as it leaves the lens RF, (7) RBS, (8)and RES the 
first derivative of the ray as it inters and leaves the action region.  
 
 
Figure 1. Electron beam trajectory for zero operation mode 
 
2.2. Evaluation of the aberration coefficients 
The spherical and chromatic aberration coefficients are the main factors that limit the resolution of objective lens. 
Throughout the present investigation, the spherical Cs and the chromatic Cc aberration coefficients have been 
calculated using the following equations: [Munro 1975]. 
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Where the primes denoted to the derivative with respect to z. In objective properties, the integration covers only 
the interval from object plane zo to image plane zi in spite of the magnetic field limits. η is the electron charge-to-
mass quotient and Vr is the relativistically corrected accelerating voltage. Bz is the axial magnetic flux density 
distribution. And rα is the solution of the paraxial-ray equation (3), with initial condition depending on the nature 
of the magnetic lens operation mode: 
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It should be mentioned that, throughout the present work the cubic spline differentiation technique and  
function. 
2.3. Calculation of the polepiece profile 
The polepiece profile that can generate the optimum field (the field have the lowest aberrations) must be 
determine. In fact, when the cubic splin expression of the potential is used in Laplace's equation, all terms will be 
vanishes except the first two terms. Therefore, the following equipotential surface equation can be obtained 
[Szilagyi 1984]: 
                     
( )[ ] 2/1/2)( zpzp VVVzR ′′−=                                     (4) 
Where Rp (z) is the radial height of the equipotential surface along the optical axis, Vz is the axial magnetic scalar 
potential distribution, V′′z is the second derivative of Vz and Vp is potential at the equipotential surface. Thus the 
Vz distribution corresponding to the optimum field must be calculated firstly in order to obtain the polepiece 
configuration. Thus, this is the topic of the next paragraph. 
2.4. Determination of the magnetic scalar potential 
The cubic spline integration technique which has been introduced by Al-Obaidi [1995], is used to obtained the 
magnetic scalar potential. According to this method, the optical axis z is divided into (n-1) subintervals, where n 
is the number of the (z, Bz) points. The axial magnetic flux density distribution Bz for each subinterval is 
represented by the following cubic spline expression: 
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Where zj ≤ z ≤ zj+1 and j = 1, 2, 3, …., (n-1). The following equation: 
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Now, by substituting equation (5) in equation (6) and integrating over each subinterval (j), the following 
recurrence formula will be obtained; 
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Where Vz(j+1) , Vzj are the magnetic scalar potential at the terminals of the subinterval (j) and Ej is a cubic 
expression having the forms; 
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Where hj is the width of the subinterval (j). 
For symmetrical imaging field distributions, one can put; 
                    Vzn = -Vz1 = 0.5 NI                                    (8) 
Where Vzn , Vz1  are the potential at the terminal points of the optical axis ZF and ZS respectively and NI is the 
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area under Bz distribution curve (i.e. the lens excitation). Hence, the recurrence formula (7) can be written in the 
following form; 
                     
∑ ∑
−
=
=
=
+ −=
1
1 1
)1( 5.0
n
i
ij
j
jijz EEV                          (9) 
For each subinterval zj ≤ z ≤ zj+1. Therefore, one can obtain the symmetrical magnetic scalar potential along the 
lens interval. 
 
3. Results and Discussion 
The influence of varying of the previous optimization parameters on the optical properties of the objective lens 
and hence the reconstruct pole pieces has been carried out when the NI/√Vr =20, at which the objective lenses 
operate usually, [Hawkes 1982].  
It should be mentioned that, because of the inflexibility of the function used in the present work, may be faced 
difficulty in controlling all the parameters at a fixed values during a study one of them. Anyhow, the effect of the 
action region has been investigated at the values of S = 2.2,4,6,8, and 10 (in  unit of millimeter), the remaining 
parameters are kept fixed at L=42 mm, RS=1000mm, RB=999.99999mm, RE=980mm, and  RBS=0. While, the 
parameter RES is left to change randomly with S. (Table 1) and (Fig.2) shows some of the magnetic field 
parameters and the optical properties respectively, for the deduced imaging fields as a function of the 
optimization parameter S.  
 
       Table 1. Conventional parameters of lenses for the deduced fields versus the parameters S 
              at NI/√Vr =20. 
 
RES NI(A.t) W(mm) Bmax(T) S/D D(mm) S(mm) 
-18.12 227.42 1.89 0.1676 27.5 0.08 2.2 
-9.96 230.75 3.466 0.0923 40 0.10 4 
-6.63 230.80 5.210 0.0615 50 0.12 6 
-4.97 230.77 6.950 0.0461 57 0.14 8 
-3.97 230.81 8.687 0.0369 63 0.16 10 
 
 
  
Figure 2. The aberration coefficients Cs, and Cc and the objective focal  length as a function of the parameter S. 
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Obviously, the results are denote to strong significance influence on the imaging field properties is inherent as 
long as S varied. However, this behavior may thought as a consequence to the increases in the lens (imaging 
field) power due to the decreases in the action region, see (Fig.3). 
 
Figure 3. The magnetic field distribution Bz along the optical axis 
of lens at various values of the parameters S. 
 
The corresponding magnetic scalar potential of Bz distribution plots in (Fig.3), is shown in (Fig.4). Furthermore, 
the pole piece profiles that can produce each Bz distribution in (Fig.4) is plotted in (Fig.5), it can be seen that, 
the consequences for increasing in S a lead to decreasing in the pole-face curvature and hence the pole diameter 
D, see (Table 1).  
                                                                                                                                         
 
    Figure 4. The Vz distribution along at various values of S.   
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  Figure 5. The reconstructed pole pieces shapes at various values of S. 
 
In order to implement the calculation of lens length L, five values of this parameter were chosen at (22, 42, 62, 
82, and 102) mm, see (Table 2). When the remaining parameters are kept constant at the following values 
S=2.2mm, RS=1000mm, RB=999.99999mm, RE=980mm, and RES=RBS=-18.12. However, Table 2 shows 
several conventional parameters at various values of L. It can be seen that the parameter L dos not affect the 
properties of the resultant imaging field. Actually, this is an expected result, since the refractive power is 
approximately confined only in the action region. 
                                                                                                                                
Table 2. Conventional parameters of lenses at various values of L at NI /√Vr =20 
NI 
(A.t) 
W 
(mm) 
Bmax 
(T) 
Cc 
(mm) 
Cs 
(mm) 
fo 
(mm) 
D 
(mm) 
L 
(mm) 
227.42 1.89 0.1676 0.39 0.58 0.52 0.08 from 22 to 102 
 
Regarding the RB  parameter. Unfortunately this parameter cannot be studied individual, because two parameters 
(RES and RBS) must be varied whenever RB is change. All parameters values are remained fixed at the same 
values of the previous paragraph, while RB is varied. However, the decreases in RB associated with the 
decreasing of |RES| and increasing of | RBS|, this must be done so as to meet such a variation as shown in (Table 
3) and (Fig.6).  It is clear that for this case the aberrations get rise better as long as RB increased. The axial 
magnetic field distribution for each value of RB and the corresponding reconstructed polepiece shapes capable to 
produce these distributions are plotted in (Fig.7) and (Fig.8), respectively. This figures indicates that, at 
RB=1000mm the bore diameter D of the pole is more large from that of other bores and the air-gap is changed to 
be 2.6mm instead of 2.2mm. This because of the value of RBS=0.  
 
   Table 3. Conventional parameters of lenses at various values of RB at NI/√Vr=20. 
RES RBS NI(A.t) W(mm) Bmax(T) S/D D(mm) RB(mm) 
-18.12 0 237.42 1.897 0.168 13.75 0.16 1000 
-17.22 -0.15 234.38 1.898 0.162 1.57 1.4 999 
-16.01 -0.30 232.08 1.900 0.156 1.46 1.5 998 
-14.96 -0.45 228.09 1.901 0.150 1.37 1.6 997 
-13.90 -0.60 223.05 1.903 0.144 1.29 1.7 996 
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Figure 6. The aberration coefficients Cs, and Cc and the objective focal length as a function of the parameter RB. 
 
 
Figure 7. The magnetic field distribution Bz along the optical axis of lens at various values of the parameters RB. 
 
 
 
 
 
 
 
 
 
                          
               
 
  
Figure 8. The reconstructed pole pieces shapes at various values of RB. 
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Concerning with the parameter RE the following values: 950,960,970, 980, and 990mm has chosen to clarify 
their influence on the imaging field objective properties, where the remaining parameters are kept constant at this 
values: S=2.2mm, L=42 mm, RS=1000mm, RB=999.99999mm, and RES=RBS. Consequently, as long as RE 
varied the correspondence gradient needs to be varied too as shown in (Table 4). In fact, the scientific reason 
behind this bullying variation is that the trajectory is forced to meet null magnetic field at the terminal point ZF. 
So, when RE increased it is necessary to decrease |RES| so as to achieve such a requirement.  Actually, this 
parameter in not effected on the objective properties, but the excitation, the maximum magnetic field and the 
gradient of the trajectory at the terminal point ZE decreases when RE is decreased.  
                                                                                 
   Table 4. Conventional parameters of lenses at various values of RE at NI/√Vr=20  
RES NI 
(A.t) 
W 
(mm) 
Bmax 
(T) 
Cc 
(mm) 
Cs 
(mm) 
fo 
(mm) 
RE 
(mm) 
-9.07 160.69 1.896 0.118 0.391 0.583 0.520 990 
-18.12 227.24 1.897 0.167 0.391 0.583 0.520 980 
-27.16 278.75 1.898 0.205 0.391 0.584 0.520 970 
-36.17 322.14 1.899 0.237 0.391 0.585 0.520 960 
-45.17 360.46 1.899 0.265 0.391 0.585 0.520 950 
 
The parameter RES is analyzed for the arbitrary values listed in (Table 5), when the other parameters are fixed at 
the same values quoted above. Unfortunately, the values of RES which investigated are the only set that leads to 
obtain imaging fields, so variation of the properties may seem to be insignificant. In the other side, one can 
realize that decreases of RES values improved the quality of the imaging field.  
                                  
  Table 5. Conventional parameters of lenses at various values of RES at NI/√Vr=20 
NI 
(A.t) 
W 
(mm) 
Bmax 
(T) 
Cc 
(mm) 
Cs 
(mm) 
fo 
(mm) 
RES 
 
227.42 1.897 0.1676 0.391 0.583 0.520 -18.126 
227.47 1.897 0.1677 0.391 0.583 0.520 -18.134 
227.52 1.896 0.1678 0.391 0.583 0.520 -18.142 
227.57 1.895 0.1679 0.391 0.583 0.520 -18.150 
227.62 1.894 0.1680 0.392 0.584 0.521 -18.158 
 
Unluckily, we could not study variable RBS individually. But its influence can be seen on the focal properties of 
the lens during study variable RB, as shown above in (Table 3). Furthermore, it is obvious that as long as RB 
increased, RBS is decreased and this leads to improvement in the objective properties of lens. It is the opposite 
of the behavior of the variable RES and its impact on the properties, see (Fig.9). 
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Figure 9. The variation of the parameter RBS and RES with the parameter RB. 
 
As a result, one can remark from the information  quoted in the above tables the optimum magnetic field 
distribution and the correspondence polepieces profile, that could produce for the trajectory assigned by the 
following parameters S=2.2mm, L=42mm,RS=1000mm, RB=999.9999mm,RE= 980mm, RBS=0, and 
RES=RES=-18.1.                                                                                                                         
                               
4. Conclusion 
It is apparent from the present work that the polynomial function can be used to synthesize the symmetrical and 
asymmetrical objective double polepiece lenses operated with low excitation (unsaturated). The deduced 
conventional reconstructed polepieces shapes, have a lower aberrations compared with the same physical and 
geometrical parameters. So, it is necessary to put such a designs into reality by designers and manufactures.   
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